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The Hermite polynomials give rise to orthonormal bases in Bagmann-like Hilbert 
spaces X,, 0 < A < 1, consisting of entire functions. These Hilbert spaces are related 
to the Gelfand-Shilov space S ;:I. viz. S ::f = (Jo< ,4 <, X,4. (7, 1990 Academic Press. Inc. 
INTRODUCTION 
For n = 0, 1, 2, . . . the n th Hermite polynomial H, is defined by 
H,(x)=(-1)“e”’ $ eP2. 
( > 
n 
(0.1) 
The polynomials H, satisfy the following orthogonality relations 
s 
,x 
H,(x) H,(x) e& d.x = 71”~2”n! 6,,,. (0.2.) 
- 7. 
Here a,,,, denotes Kronecker’s delta symbol. The orthogonality relations 
(0.2) can be readily obtained with the aid of the generating function, viz. 
.,zo 5 H,(x) = exp(2xz - z2). 
Indeed, let anm = sFr H,(x) H,(x) e@ dx. Then we have 
exp[ -9 + 2x(z1 + z2) - z: - z:] dx 
=7t Ii2 exp[2z,z,]. 
So it follows that anm = n112(n!m!/n!) 2” 6,,. 
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If we set 
l+hJx) = (7r’,22”,1!) ’ 2 e “-‘H,,(g), .YE R, (0.4) 
then the functions $,, n=O, 1, 2. . . . . establish an orthonormal basis in the 
Hilbert space L,(R) of square integrable functions. 
In this paper we show that the Hermite polynomials satisfy also the 
following orthogonality relations 
-74 
1-A 
(0.5) 
where any A, 0 <A < 1, may be taken. Correspondingly, we introduce 
Hilbert spaces X, consisting of entire functions. The Hermite polynomials 
give rise to orthonormal bases in these X,. 
Further, it turns out that 
s;;;= u x,, (0.6) 
O<A<l 
where S$ denotes one of Gelfand-Shilov’s St-spaces, see [4]. Thus we 
reprove a result in De Bruijn’s paper [3], namely, 
qkSp-3,>0: (47 $,,Lz = O(e-““). (0.7) 
For the formulas and relations involving Hermite polynomials we refer 
to Magnus et al. [S]. 
1. ORTHOGONALITY RELATIONS 
Let 0 < A < 1. Here we prove the orthogonality relations (0.5). Again, we 
use the generating function (0.3) of the Hermite polynomials. So let us 
write 
b,,(A) = js,, H,(x + iy) H,(x - iy) 
x exp 
I 
-(l-a)x’-(f-l)~‘]~~dy. (1.1 
We mention the following elementary estimate 
IH,(w)I < 2”‘2(n!)“2 exp(& I4 ), WEC, n=o, 1,2 ,... (1.2) 
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which is easily obtained from the formula 
CC1 ( _ 1 )” ( Zw,)” ~ 2m 
H,(w)=n! c 
m=O m!(n-2m)! 
(1.3) LEMMA. For all n, m = 0, 1, 2, . . . we have 
lb,,,,(A)1 < jj IH,,(-Y+iY)I Iff,,(x-iY)I p$ 
x exp -(l-A).r’-(f-l)~2]dxdi. 
4n Jl 
<-2(n+m’/2 (n! m!)“‘exp 2 
1-A 
E(n+,n) . 
1 
Proof. By (1.2) we derive 
is IffAx + iy)l Iff& - &)I uaz 
exp -(l-A)x’- (f-+‘]dxdy 
=4n 
1-A 
2CntmV2(n! m!)“” exp 
Now consider the double series 
f f h,,(A)p$ Z,,Z,EC. 
m=O n=O . . 
Clearly the series represents a hoiomorphic function on C2. If we insert the 
integral expression for h,,(A) and interchange summation and integration, 
we obtain 
exp[ - (z: +z$)] j exp[2x(zl + z2) - (1 -A) x’] dx 
R 
=-exp[-(zf+$)]exp 
1-A 
[‘z; ‘la”] exp [ J(;r;d2]. 
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So for all 3,, z1 E @, 
It follows that 
4 b,JA)=I-A2’ E ‘iz! d,,. 
( > 
(1.4) 
The orthogonality relations also follow from the relation 
H,(x + iy) 
(i &In Hk(x -1 H, .-k 
(cf. [5], p. 254), as pointed out to us by the referee. 
2. THE HILBERT SPACES X,, 
The space X,, 0 < A < 1, consists of all entire functions C$ on C with the 
property that 
(2.1) 
In X, we define the inner product ( -,.).4 by 
We define the functions $,“, n = 0, 1, 2, . . . . by 
I),“(W) = b,,(A)-“’ e-“2’2H,(~). (2.3) 
Then $t belongs to X, and according to (0.5) 
w;. ‘kk = ~,m n,m=0,1,2 ,.... (2.4) 
(We note that +;;‘(x + iy) = $;;‘(zc- iy).) 
So the set {t+k~In~Nu{O)) is orthonormal in X,. In the next section 
we show that it is also complete, i.e., (I++,“):=, is an orthonormal basis in 
XA. Therefore we need the following auxiliary result. 
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(2.5) LEMMA. Let 4 E X,. Then for each B, 0 < B c A, there exists c > 0, 
independent of 4, such that 
Proof. Let X, J E R. With A we denote the unit disc in R’. Since 4 is 
holomorphic, we have 
Now a simple application of the Cauchy-Schwarz inequality yields 
A(+~+t)‘-f(y+q)~ 1 > 
l/2 
dtdq 
1 
Now let O< B-C A. We put 
$(A, B) = max exp 
‘, .I’ E R 1 
-i (A -Bp+ ~1.~1 --$- j-) y2+f lyl]. 
Then it follows that 
I4(x+Qv)l Gd(A)s(A, 4 IldIIA exp 
1 
-;BI’+&’ 1 
with 
4Al=~(~~Aexp[ -At2.aq2 d<dq ] )I”- I 
(2.6) COROLLARY. X, is a Hilbert space. 
400 14hl-7 
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3. THE REPRODUCING KERNEL OF X,, 
In this section we show that the orthonormal set (+;~IIz E N u [O i ) is 
complete. As a consequence we obtain an explicit expression for the 
reproducing kernel of X,. The following lemma is crucial. 
(3.1) LEMMA. Ler #EX,. Then c$E,QR) and 
(4, ‘k3.4 =(gJ ‘,” (E)” 7 (d, $,I,,. 
(Here II/, is defined by (0.4); ( .,. ),.2 denotes the inner product in L?(R).) 
Proof: Let 4 E X,. Then 4 E L,(R) according to Lemma (2.5). Consider 
the series 
Writing out the inner products yields the expression 
#(x + iyv) H,,(x - iy) exp 
where 
74 and ;- (1-A) “2 ‘(4=1_A 
i > I-- 2(1+/t) ;. 
We may interchange summation and integration: 
c(A)-“~ 11 
F8J 
4(x + iy) exp[2(.u - iy):- Z’] exp[ - 4(x - i-v)‘] 
-exp[Ax’-f y’]dxdy. 
The integral (* ) converges absolutely. 
Because of the estimation presented in Lemma (2.5) we can apply 
contour integration. It yields 
= R~(r)exp[2(r-&)t-(f-A)(f-i?:)‘+i(t-j,~)yldr. s 
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So the integral expression (*) is equal to 
c(A)-“‘j d(t)exp[2tZ--($-A)t2-?*]Z(t.f)dt 
R 
with 
Z(t,T)=j exp[2&((1--A)f-2i)---A (1-J4)2 ?‘2 dl _I, 
R 1 
The latter integral can be calculated straightforwardly. Thus we get 
where 
K(t, i)=-&exp -;12+~t+2 ) 1 
viz. K(t, [) is the kernel of the unitary operator from L,(R) onto the 
Bargmann space F introduced in [2]. So we have 
Mt, i) = f rl/,(t) i” 
,I = 0 JL! 
and consequently for all z E @ 
(3.2) THEOREM. The set {$l;i [no N u (0)) is an orthonormal basis in 
the Hilbert space X,. 
Proof Let #EXA with (4, ti,“)A =0 for all n =O, 1,2, . . . . Then 
(4, $n)L2 = 0 for all n = 0, 1, 2, . . . . Hence &.v) = 0 for all XE R. Since C$ is 
entire it follows that C$ = 0. 1 
(3.3) COROLLARY. The reproducing kernel K,(z, w) of X, is given by 
1-A’ 
K,(z, MI) = m exp 
Proof: By Lemma (2.5) point evaluation is continuous in X,. So X, 
admits a reproducing kernel, see [ 11. It is given by 
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1-A’ 
=--gj-exp 
The reproducing kernel K, yields a sharp growth order estimate for the 
functions in X,. Indeed, for all 4 E X, 
Id(z)I = I(42 K/it ‘1 =I).41 
G llc4l.~(K,d~~ =))I ’ 
i 1-A’ > 112 1 1 
< 
2nA 
ll~llA exp -- A(Re z)‘+- (Im z)’ 
2 2A 
(3.4) 
4. RELATIONS WITH Si(i 
In [4], Gelfand and Shilov introduce the space Si$ as the space of all 
holomorphic function 4 on @ with the property that 
for certain a, b, c > 0. So from (3.4) it follows that the Hilbert spaces X,, 
0 < A < 1, are contained in S :$. In fact we have 
(4.1) THEOREM. S~:f=(JOcAcl X,. 
Prooj As already observed lJ0<,4 < 1 X, c S :/i. For the converse, let 
4 E s 112. “’ Then there exists 0 < a -L i and c > 0 such that 
Ifj(x+iy)l 6cexp 
[ 
--ux’+~JI~ 
1 
. 
It follows that CJ~ E X, for all A with 0 <A < 2~2. 1 
At the end of this paper we show that each X, can be regarded as the 
domain of a self-adjoint operator in L,(R). The functions $,, n = 0. 1, 2, . . . 
introduced in (0.4) satisfy the following eigenvalue equation 
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Let H = i( - d2/dx’ + .Y’ - 1) denote the self-adjoint operator in L,(R) 
satisfying H$, = n$,,, n = 0, 1, 2, . . . . 
(4.2) THEOREM. Let a> 0 and let A, = tanh $. Then 
XAz = D(exp[ctH]). 
Proof. For a holomorphic function C$ the following equivalence is valid 
deX,4,- 
From Lemma (3.1) we obtain 
For the converse, let MEL* with C,“=O((l+A,)/(l-A,))” 
I(#, $,)LzJ2 < co. Then the function 
belongs to XAz. Hence for all x E R 
$(x1 = f ($9 ICIJL? Il/,l(X) = d(x). 
II=0 
It follows that 4 E XAz. 
Now the result follows from (1 + A.)/( 1 - A,) = e’. 1 
(4.3). COROLLARY. S$= (Ja,O D(exp(czH)). (This relation has also 
been derived by De Bruijn [3] with the aid of Mehler’s formula.) 
Remarks. 
- It follows from Theorem (4.2) that the Hilbert space L,(R) can be 
regarded as the limit case A = 0. We have L,(R) 2 X, 1 X,, 0 <A < B, 
with continuous and dense inclusions. 
- For n=O, 1,2, . . . and ZE@ we have 
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cf. [S], p. 250. Now rewrite (0.5) as 
(~~)“‘“~~:H.,(~)H.,.(~) 
.exp( -.y++o 
=.J4(qqn!,.,,. 
Then in the limit A 4 1 we get Bargmann’s orthogonality relations 
s Iwz 
(x + zj)” (x - iy)” exp( --.x2 - JJ) d.u & = nn! 6,,. 
Correspondingly, introduce the Hilbert space F,, 0 < A < 1, of alI entire 
functions g for which 
Then F, r> F, for 1 > B > A > 0 and the Bargmann space F is the limit case 
A= 1. 
- Rewriting (0.5) as 
TL [ 1 21+A n =- - 1-A 1-A n! 6,, 
we obtain the usual orthogonality relations (0.2) for the Hermite polyno- 
mials in the limit A + 0. 
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